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Robert Hoole

o

Robert Hoole (1635-1703) wgs an experimental scientist
mathematician, architect 3nd astronomer. Secretary of the
Pxi::j,e’a| Soclety from 1677 to 1682, ...

Hookes wgs considered the “"Eng|and'5 D3 Vinci’ becguse of
his wide 13 hge of interests.

His wiorl: Micl'c-glaphia of 16635 contained his m I'cl'c:scafl'cﬂ
Investigations, which included the first identification o
biclogicl cells.

Ih his drafts of Bool |1, MNewton had referred to him 35 the
most illustricus Heoke—"Cllarissimus] Hookius.”

Hooke became involved 1n a dispute with ls3ac Mewton
ovel the priority of the -;il'ﬁi:c:m-*ﬁ_ljf of the inverse square |3
of gravitation.

Made by A-PDF PPT2PDF



B Hooke to Halley

* "[Huygen’s Preface] is concerning
those properties ngravi‘cy which |
myseh( first discovered and showed to
this Society and yeatrs since, which of
late Mr. Newton has done me the
favour to printand pu blish as his own
inventions.”
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Newton to Halley

o "Now is this not very fine!
Mathematicians that find out, settle &
do all the business must content
themselves with being nothing but dry
calculators & drudges & another that
does nothing but pretend & grasp at all
’chings must carry away all the
inventions. ..

| beleive you would think him a man
of 3 stra hde unsocia ble temper.”
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= Newton to Hooke

o “1f | have seen further than other
men, it is because | have stood on

the shoulders c:n(c_:]ia nts and you my
dear Hooke, have not.”
- Newton to Hooke
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Image & Loqic

o The great distance between
- g|imp5ed truth and
- a demonstrated truth

o Christopher Wren/Alexis Claude
Clairaut
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S Micrographia ¢ Principia
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B2 Micrographia
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S "The Brain & the Fancy”

o "The truth is, the science
of Nature has already been
too long made only 3
work of the brain and the
fancy. Itis now high time
that it should return to the
plainness and sound ness of
observations on material
and obvious things.

- Robert Hooke. (1635 -

1703), Micrographia 1665
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o Principia

LOSOPHIAE LAV 1
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"Induction & Hypothesis’

> “Truth being uniform and alv vays the
same, it is admirable to "*hﬂ‘"l ve how
=331 [y we gre engbled to make out

ke very abstruse and difficult matters,

N when once true and genuine

Principles are obtained

— |—|:-|||ﬁ_:;. ’Tl_w_ true Thﬁ_orf of the Tides, _

extiacted from that admired Treatise of
Mr lssgc Mewton, Intitaled, Philosophize
Matenalis Principia Mathematica,” 244
Tigns, 226:445,447

Hypotheses nan fingo o This rule we must follow, that the
[ feign no hypot feses arqument of induction may not be
rincipla Mathematica, evaded by hypatheses
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Morphogenesis

A |
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Alan Turing: 1952

¢ “The Chemical Basis of Mor phaqcﬂrwau 1952,
.-"?': !/ ﬁ-l_'?:-.r-lh_I ’1},-’ _fx':::"_" L_"u"' 'r Ok .'Ilk_-”-l, '_*-),a| |5, B

B|D|ﬂq|r:’1| Sciences, 257:57—72.

o A regction-diftusion model for
development.

LRIy el

B Pl T WO
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B ‘A mathematical model for the growing embryo.”

> A very general program for modeling

em bryogenesis: The model is 3

simplification and an idealization and
s consequently 3 falsification.”
0 o Morphogen: “is simply the kind of
O substance co ncerned in this ’cheory. sl
in fact any{:hing that diffuses into the
tissue and “somehow persuades it to
develop along d ifferent lines from
those which would have been followed
in its absence” qua lifies.
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Diffusion equation

second
fﬂmpﬂl’al Spaﬂal

derivative: derivative:

rate 9 a/d t= D? V2 3 flux

3. concentration
Ly digusion constant
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7 Reacﬂon-DiﬁCUSion

0a/0 t= Ka,b) + D, V2 3 Ka,b) = a(b-1) -k,

0 b/0 t= g(a,h) + D,V b 9(a,b) = -ab+k

Turing, A M. (1952) . The chemical basis

oi'n?ol'phoqer?dslz. Phil. Trans. Roy. Soc

— .

London 8237 35

teaction

Made by A-PDF PPT2PDF \diFFusicm




Hr:‘; Reaction-diffusion: an example

y extractec

s ] A+2B — 3B etz

A fed gt rate F 3 s p at rate £
gecay at rate &

dIAl/dEFF-1A d[Bl/dE=-(FK)[B

reaction: -4[A]/dt=d[B]/dt= [A][B]?
iffusion: d[A/dED,V2[AL  d[B1/dEDyV2[B]

9 [A1/0 t= R1-[A]) - [AI[B]2 + D,V2[A]
0 [B1/0 € = ~(F+A) [B] +[A][B]2 + D,V2[B]

Pearson, ). E.: Complex patterns in simple systems. Science 261, 189-192 (1993).
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Reaction-diffusion: an example
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= Genes: 1952

o Since the role m(genes s
presumably catalytic,
influencing only the rate of
reactions, unless one is
interested in comparison of
ordanisms, they “may be
eliminated from the
discussion...”
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Crick & Watson 1953

MOLECULAR STRUCTURE OF
MUCLEIC ACIDS
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| & Genhome

- Qenome:

- Hel'cdl'tal*;_.r I'H.E*:;-l'rr?'atl'or".- of
an orgahism Is encoded in
its DMNA and enclosed in 3
cell Cunless itis 3 virus). All
the I'hi:;::rmaﬂa_h cortained
ih the DA -:::Fa 5Ir1.g|ﬁ_
organism Is Its gernome.

fa

DMNA molecule can be thought
of 35 3 very long sequence of
nucleotides o1 bases:

2 S IA T
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The Central Dogma

e
¢ The central dogmaldue to Francis Crick in
o o 5 1958) states that these information flows
= | Pk dovis i are 3ll unidirectional:
P oan - zma | % o, O “The cential dogrma states that once
e W /coum e “info tration” has passed into protein
& ";:::": /) %\‘:"_)Q = ki . :
i iw (o % it cannot get outaqain. The transfer
S8, ; 2o ‘\zf_:‘:_> of inforrmation from nacleic acid o
AT TiHRA —— \ - F | . .
= IRGSINE e hucleic 3cid, ot from nucleic acid fo

protein, may be possible, but ti hsfer
Frﬂmpmtein to protein, ot from
protein to hacleic 3cid is impﬂssiHe.
Ih{ormafiﬂh means here the precise

Prokein determination ﬂFsequehce, either of
tases inthe nucleic acid or of 3mino
Jcid residues ih{:hepmfeih.”
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RNA, Genes and Promoters

o

Sl

A\ 5|;-eciﬁc: reqion of DIMNA that determines the synthesis of
proteins (through the transcription and tianslation) is alled

d gene

— II-:_1Iha||fr 3 gehe meant SDH"CH]IF'(__] more 3bstrgct--—-3
anit of hereditar v Inheritance.
- Mow3 gene has been Jlven 3 physiaﬂ moleculzr
existehce.
Trgnscription ‘11::1 gene to 3 messenger RNA, mRMNA, s
keyed by a trianscriptional activator/fRctor, nhlx_ha‘ctac_hﬁs
to 3 promoter (3 qchIFI:_ sequence : “-|d|:-|x_¢rﬁt to the n:_‘]f'r"r";

P-:-:Jk||atc~w sequerm_eq such 35 silencers and er-har-cclﬁ

L_c:untlo| 'H'.IC Iate ’:-f’rlaﬂm_llpﬂorﬁ
/ | Termingtor

Fromoter

Trahsctriptional
|hitigtion

“ Trahsc riptional

Termination

Made by A-PDF PPT2PDF



ot "The Brain & the Fancy”

"Work on the mathematics ﬂf-gl'f:w*-ih 3s
ﬂp pﬂb-:ﬂd to the statistic: ']‘PSI:‘I'I'].JEI' n and
comparison of growth, seems to me to
hﬂ\.{i developed along two equally
anprofitable lines. . Itis IrL|t||cf to conjure
up mth-:: imagination a system of
di equations for th.:: puUrpose ¢
3cco LH"'JEII“MJ {'DI facts which are not ’Wrﬁ|*='
very complex, but largely
L.H?kr?w:r?,... that we require gt the
present time is more measurement and
|ess theory”
- Eric Ponder, Director, CSHL CLIBA ), 19346-
1947,
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"Axioms ._-:';.'FF’l.':]'[fi'[?{,alt.‘ZIES!'I -E.B. Wilson

1. Science need not be mathematical.

Simply because 3 subject is mathematical it
heed not therefore be scientific

5. Empirical curve fitting may be without othel
than classificatory significance

4. Growth of an individual should not be
conftused with the growth of an agqreqgate (o
gverage) of individua

5. Different aspects of the individual, or of the
average, may have ditferent types of i owth

curves
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"o Genes for Segmentation

Fertilization followed by
cell division

o Pattern formation -
instructions for

- Body plan (Axes: A-P, D-V)

L)

- Germ lay yers (ecto-, meso-,
endoderm
Cell m::wemen‘c ~ form -
gastrulation

Cell differentiation

L

v
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S PI: Positional Information
o Positional value
T - - Morphogen - a substance
(T TTT] — Threshold concentration
= = ~ Program for deveh::-pmen’c

T
Peasian al @ach call is cdalimsd By tha
concantration of mamhogen

— Generative rather than

Eln"n‘c;l:;: . :
\ descriptive
i

> “French-Flag Model’

X =y

Foabioml wlus s Mrpra':-:-u: by B colls
which diferentists to fom & patiem
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The hicoid gene
provides an A-P
morphogen
gradient



gap genes

hunchback

il
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o The A-P axis is divided
into broad regions by
dap dene expression

o The first zygotic denes

¢ Respond to ma’cernaﬂy-
derived instructions

> Short-lived proteins,
gives bell-shaped
distribution from source
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Transcription Factors in Cascade

s Hunchback (hb), a dap
dene, responds to the
dose of bicoid protein

o A concentration above
threshold of bicoid
activates the expression

of hb

o The more hicoid
transcripts, the further
back /5 expression does
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"o Transcription Factors in Cascade

& Krﬂ};ppf/ (Kr) 3 dap gene,
responds to the dose of hb
protein

> A concentration above
minimum threshold of

hb activates the expression
of Kr

¢ A concentration above
maximum threshold of
hb inactivates the

expression of Kr
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Earky smbrpm

Parszgments

Py T
;/ | h_u@\;

* Parasegments are
de“mi‘bﬁd l')\/
expression of
Pair- I’UIE genes
in 3 periodic
Paﬁern

> Each is expressed
in a series of 7
transverse stripes



[~ Pattern Formation

- Edward Lewis, of the California
Institute of Technology

— Christiane Nuesslein-Volhard,
of Germany’s Max-Planck
Institute

— Eric Wieschaus, at Princeton

o Each of the three were
involved in the eal'|\/ research
to find the genes controlling
deve|c:pmen’c of the
ﬂfasapfﬁffﬂ fruit ﬂy.
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= The Network of Interaction

e R
qcell | k_ﬁll-t@_-i.ﬁ” E r'.'r".lf__]hbol'/
| interface | B
o — positive heqative
L interacions
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{fon?p|cter?css:
f. ooy voh Dassow, Meir, Munro &

- Meir, Munro & Odell, 2000

o “We used computer simulgtions to investigate whether
the known interactions among segment polarity genes
suffice to confer the properties expected “ﬁf 3

develop odule.

¢ “Using ¢ rﬁ|*ft|"wﬂ solid lines in [earlier hqulf:] we found
no such parameter sets despite extensive eH its. Tlms

the solid connections cannot suffice to the
most basic behavior of the seqment po f‘vlL

o “There must be 3ctive repression of en cells ’-H‘H(F'I'I ar o
wq-explessing stripe and something that sp v bigses

the res p'ﬂrvw: of wq to Hh. There is 3 good -:ix-ldcir?ce in
Drosop or wg autoactivation...”
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— Completeness

> "We incorporated these two remedies first
(light gray lines). With these links
installed there are ma ny parameter sets
that enable the model to reproduce the
target behavior, so many that they can be
found easily by random sampling.”
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5

Model Parameters

Parameter | Meaning Realistic {General) Range used for SP
Range Model
K half-maximal activation 10" =10 107 = |
coefficient
H half-life {inverse of | — 10" min. {for mRNA | 5 — 100 min
degradation rate) or protein)
Vv Hill coefficient | = 50 {highest | =10
measured is 35)
¥ saturability coefficient 0.1 =10 | =10
for an enhancer
transfer rates, how much reaction 107" = 10 107 - 1.0
OCCUrs per unit time
transform ditte; but for cleavage, 10" =10 107 =10
rates phosphorylation, etc.
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B Complete Model

B 1]
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Complete Model
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s this your final answer?

It is not uncommen to assume certain biological problems to have
achieved 3 cognitive Hna“ty without rigorous |'.L|5tl'ﬁcatl'4:-r-_
Rigorous mathematical models with automated tools for reasoning,
simulation, and computation can be of enormous help to uncover

coghitive ﬂaws,
qoa litative simplilficatinn or
ovetly genen lized assamptions.

> Some ideal candidates for such study would include:

prion hypcﬂ:hesis
cell q.rc|f: machincr}r
ma scle .:-:.'-ntrau:l:i|'rt)utr

processes involved in ancer (cell cycle requltion, angiogenesis, DNA repair,
apoptosis, cella r senescence, tissae space modeling enzymes, etc.)

signal tansdaction pathways, and many other.
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= Systems Biology

Com bini g the mathenatical rigor of na meru'ugy with the predir:l:ive power ﬂh;&ﬂhgy.

Astro Iﬂg}f

The SYSTEMS BIOLOGY

Cybetia

Na meHoqgy

:l% Na

-
= —

O

dskrosts

Infostan

|ntetpretive Bio | ody
. - %iﬁ?%}ﬁi@ﬁg‘i{; -’EEL._: ] -.. s | . |
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5

Cmmpu’ca‘cimna| Systems Bic::|c:;-gy

F
A

How much of reasoning about biology can
be automated?

Made by A-PDF PPT2PDF



Why do we need a tool/

We claim that by drawing upon mathematical approaches
developed in the context of dynamical systems, kinetic
analysis, computational theory and logic, it is possible to
create powerful simulation, analysis and reasoning tools for
working biologists to be used in deciphering existing data,
devising new experiments and ultimately, understanding
functional properties of genomes, proteomes, cells, organs
and organisms.

Simulate Biologists! Not Biology!!
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2, Reasoning and Experimentation

Al Iifith il
LU UL

Modd Comstruction  [—————f  Modd Simoidaion Rt
A— QW

mmm :
Rmﬂmlii#m
Twwﬂmvm [

In siltioe Roerubts
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‘@ Future Bio|ogy

||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||

Functional genomic hypothesis | . o | l
generation and experimentation :
by a robot scientist Biology of the future sﬁlc_-u],gi only

inwolve abiologist and his dog: the
biologist to watch the biclogical

EXp eriments _. d understand the

hypothe ses that the data-analysiz
algorithms produce and the dogtobite

pan 0L Klng/, Marwsth £ Whalsn |, Piian ML Joean', Pl O I Rislnar’,
Chridiepher L Tryasl ', Hepken 1. Bleggisien ', Devplax B Sl
B Sisphss &. Ditver

" Mt of Cosipuler S, v of Hidkes, Al ek £7200 11K
LE

“Srhwel of Crnpeang, The Kebrm Cerdes Qrvermary, A A BM LFE. UK
'I.-J...r-n-'rl’l_‘.-"u-.-r_ P’ b, Losdbe Ba'T Saf 1K
Maparruwn of Crsiary. CWIST, PO Ko 8, Masc ey B0 1000, DK
"l wf Adarwal Svreer, v ol bl apae, F AT gl Bosieg,

[T TR o
e ]
ol huaa.

Iq-'l'r-t“
Final Experimant
Rypetms T waolon _"'_""'""

Figure- 1 Tha Faal Sciami hypottesis gaenton o eqorimentzion lap. _

him if he ever touches the experiments
ot the computers. '
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| Simpa’chica Isa modular systemn

Canonical Form:

= pae ; paE
=g X5 -a][% i=l.x
J- J=1

Q(ﬁ(f),--,%m(f))=2(?ﬁﬁﬁff)=ﬂ
2 g
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[C] 1]

X

Fegrow |- Ropnmsaingion of wn snmesdifesd and of & peeenatle renction
X, X,
X, X,
I
= ki

Figure & Mepresemiation of & divergences ond of & oopvergenos bk poini il
1 procosss in oech machion s ndeparsdmi of sch stler|,

x:I xl
'.!'ll —< >— J{,
X, X,

Figure 1; Bepeeseptaiion of & swghs spliving resciion geaeraling two products,
Xy amd X5, in sloeliiawine ot st el ol 8 sitgle srillole reetion
needving iwg somere componetts. Xy and Yo alewys in sokdhiomeicie propsm-
e

X, KEU X,
X—X X X,
= i

Figare 4 The soreession of X mio Xg e modobaied (st immalation o mhibicie
® roprissnds] by theosige of the mmw) br Xy, The ssariion ket X od
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5

¢ Glycolysis

E
4

Glacose Glacose-1-P HPhﬂSPl".'GI”}FlEISE 3

-«
G'umkinase\. % Phﬂsphcﬂghcamu{ﬂse

Glacose-6-P

lP———— thphaghcme isometgse

Fractose-6-P
lo————Phﬂsphﬂﬁ*u cto kinase
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Formal Definition G(S—sys’cem

Definition 1 (S-system). An S-system is a quadruple § = (DV IV, DE, C)
twlere:

— DV ={X,,..., X} is a finite non empty set of dependent variables ranging
over the domains Iy, ..., I}, respectively;

— IV = {X 4,.... Xntm| 18 a finite sef of independent variables ranging
over the demains Dy, ..., Dy, respectively;

— DE is a set of differential equations, one for each dependent variable, of the
form

-4 -+

%ima 1] 20 - 81 23
=1 i=1

with o, 8; = 0 ealled rate constants;
— (' 15 a sel of algebraic constraints of the form

n-+rr

Cil Xy Xmym) = (1 H XF*y =0

sisath ai nallad =ada sceabeeieba




o) An Artificial Clock

The Repressilator:
a cyclic, three-repressor, transcriptional network

Three proteins:
TetR —~ L.aCL tetl & M ¢
& AL - Arranged in 3 cyclic

Al — Lacl manhner (logially, not
HECESS&I'H‘:{ physl'ca”:ﬂ 50

—£} _.-mw |_|E">mn > that the protein product of
I ' T one gehe Is rpressor for the
/A -'u'-;*-..-r e hext gehe,

mirA A | miMA B | mRMA © — —— ,
| | Lacl— = fefiR, fefl— Tetk
(|

A TetR—+o> Kl ke Kl

.‘ J Oﬁ- A M L_'I;» = igc/ ?—r L:1u_';

profein A protein B J_-" probein ©
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— Cycles of Repression

o The first repressor protein, Lacl from E.
coli inhibits the transcription of the
second repressor dene, tetR from the
tetracycline-resistance transposon Tn10,
whose protein product in turn inhibits the
expression of 3 third dene, cl from phage.

> Finally, Clinhibits lacl expression,
> completing the cycle.
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S Biological Model

Plasmids

Repressilator Reporter

P, laci1]

B
s |
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o Standard molecular
bio|c:gy: Construct

- A low-copy plasmid

encoding the
repressilator and

A compatible higher-
copy repoiter plasmid
containing the tet-
repressible promoter
PLtetO1 fused to an
intermediate stability
variant of afp




B Cascade Model: Repressilator?
'lq"'
+++++++++++++++++++++++++ : dxs/dt = o, X920X 927 - B, :;{th?_
-»ﬂ—ébﬂ-h dx /dt = o, XoH2X 943 - B, X, P44
: . /dE = o X, 964X, 965 _ X hoé
L ; N dxe/d éf P Be X¢
: : X, Nz, Xs = const

N EN N

Made by A-PDF PPT2PDF



SimPathica System
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Application: Purine Metabolism
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=, Purine Metabolism

¢ Purine Metabolism
~ Provides the organism with building blocks for the
syhthesis of DNA and RNA
— The consequences of 3 m3 ’ﬁ'-'_|r?f:t|'-::r?|'r?-._4 purine
metabolism pathway are severe and can lead to death

o The entire pathway is almost closed but also
qu‘rlze ccmp|ex It contains
vergl feedback lo plelvt)

"I:-

—~ r:|'-:,~5:-—3chx—-“atw:;r?i and
= re3ctions

— leve

o Thus is an ideal candidate for Feasoning with
comnnfatinnal fanlk
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Simple Model




Biochem Istry of Purine Metabolism

*  The main met3 I"Dll'[:vi 5 |,L4|Irm:
l‘*lDS‘ﬂ'l{'hf‘SlS |5 z J.-'"'..'l._-'_?- -'"'..'l._-'" 1 l:_-'_'gl-"'" ?_ =
“} olfs shate E’:’_’F’F"

v
‘ — A linear C35C3 de ﬂiilﬁax_’clohs LDr'I-.CI‘ES
‘ PRPP into inosine monop, ;;:n hate
— CiME), IMP is the central l‘lar"u_h
. pelhf ’:-Hh-: purine metzbolism
== = :H - kp ::.r a-l'-hll" "Ell‘-"f
NN e AP 2 |.'- ,IP _[: ]ﬁ ) i _[: A KA P i
 Gr - are P Is tignstormed Into AME 3ne
- i GMP.
| | - . ) ;
2 - ujnosine, adﬁnoﬁlﬂc Emd their
L o = derivatives 3re ecyc ed EL|h|ﬁ55 used
- ] = tas elsewhere) into ;;,, "F‘n.;?-.:?-" thine ( HY)
' and xanthine (N

- WA s ifl'ﬂ_E|||j_fr D:ﬁl’di:dd into wiic 3cid
(LAY,

Made by A-PDF PPT2PDF



v
O
I
g
..i_-'
v
-
v
—
-_'—:.1
Oy

Made by A-PDF PPT2PDF



B Queries

> Variation of the initia
concentration ot PRPP
does not change the
steady state.
(PRPP =107 PRPP1) &
implies steady_state()
o This query will be true
when evaluated aqainst
the modified simulation
run (i.e the one where
the initial concentration
of PRPP is 10 times the
initial concentration in
BEals - <t n — PRDDT
Made by A-PDF PPT2PDF

Persistent incregse in the initial
concentiation of PRPP does
cause uhwanted changes in the
steady state values of some
metabolites.

If the increase in the |r'-_*r-*e| of
PRPP is in the order of 70%
then the system does reach 3
steq d;f state, 3nd vee expect ’t_o
see incregses in the levels of
IMP and of the hj;pe:::aa nthine
pc:-_c:| Ih 3 compala Ble” order
of magnitude.

Always (PRPP = 1.7*PRPP1)

implies steady_state() TRUE



Queries

o Consider the followd hd
staterment,

> Eventually

(Always (PRPP =17 * PRPP1)

¢ |nfact the increse in IMP is
about 6.5 fold while the

hypﬂ:-:a hthine pn:nc:| incregse is
aboat 60 fold.

¢ Sihce the 3 bove queties turh oot

ImFIIES to be f3lse overthe mod ified

Stﬂad}f_ﬂtfn trace, we conclude that the model

and Evcr.-tua”y "over-predicts” the incregses in
.-ﬁxlmﬂ}-'ﬁflmp (2% IMPT) some of its products 3 nd that it

and Eventually (Always
(hx_pool < 10*hx_pool1}))

should therefore be amended

o where IMPT1 and hx pooll are
_F 3

thﬁ_ ‘-.’C"Ililr"_S o|‘~5ﬁ_|“-.*ﬁ_-_f |1 thﬁ_

unmodified tiace. The 3bove

statement turns cut to e 1::-||5r:
over the mc:v-.fliilﬁ_-_f lffw'.)'lf|'||'f'_'lff'_"l'.

trgce..
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Computational Algebra & Differential Algebria

A |
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B Algebraic Approaches

o Ritt-Kolchin: Ideal Theoretic Approach
o Kolchin-Singer: Galois-Theoretic Approach

o Lie: Group-Theoretic Approach

¢ Understanding their interrelationship

¢« Effectiveness of various approaches
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| e Differential Algebra

~ Assume that the svstem [STSE]} is described as shown below:
&1 = m(X,u0...,u%)
2 = pp(X,w 0 ... ,ulM)
0 = qiXu)
0 = goX,u)
y = kX, u)
Consider the following differential ideal I in the differential ring B{X, u,y}:
I":Iii -.Fl:"'!if_ﬁ!qll"':q!!y-h}'

IThe input-output relation is then obtained by finding the contractiom I° of the
.1deal I to the ring B{u,y}. The generators of I° = I N R{u,y} give the differential
pul}rm:-ml.a.ls involving u and y. However, the underlying algorithmic questions for

aim 'lar_g_'i;_r unsochved.
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Example System

Example Consider the following system (adapted from Forsman [Forsman92]):
A= B,
with the following kinetic equations:
[B] = [A]** - [B]**.
The input » controls the concentration [A] as follows:
[4] = u[A]2 - [4]7*",

and the output y is simply [B]:
y = [B].

We can simplify the above system to a polynomial system by following transforma-
tions:
#1=[4] and = =|[B].

Made by A-PDF PPT2PDF




S Input-Output Relations

Thus,
B ' 2
I'=[2zi71 4+ 71 —u,2;%2 + %2 — 71,75 — ¥

After eliminating #; and z,, we obtain the following input-output relation:
(205°%y° — 4y'y — 405°y* + 405°y* — 209°y° + 43° )
+ (4ugy — 4%y — 209%y® + 40uy’y® + 205°y° + 20uyy® + 4y* )y

—7*y® + 5yty? — 105%° + 20ug”y? + 1045 + »° — 8§ty + 10up®y
— wly + 2uiy — Py — 55 % + 92 + 8y%y° + 2ugy® = 0.0
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S Obstacles

o Various Approaches:
e Ideas based on the H-bases (Grébner Bases).
e Ideas based on Ritt's Characteristic Sets.

e Obstacles: Failure of a Hilbert-basis like theo-
rem (only a weaker version,Ritt-Raudenbusch

Basis Theorem, holds), existence of non-recursive
differential ideals, etc.
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1=

| o ssues

> Symbolic Manipulation
> Non-determinism
> Hiera rchy & Modulj rity

Made by A-PDF PPT2PDF



5 Model-Checking

Made by A-PDF PPT2PDF



o Verifying temporal properties

Step 1. FDI’IT}a”y encode the behavior of the
system as a semi-algebraic hybrid
automaton

Step 2. Formally encode the properties of
interest in TCTL

Step 5. Automate the process of checki g if
the formal model ﬂﬁ:he system satisties
the formally encoded properties using
qua ntifier elimination
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— Continuous-Time Logics

> Linear Time
- Metric Tern]:rora| Logic (MTL)
- Timed Proposi‘ciona| Tempora| Logic (TPTL)
- Real-Time Temporal Logic (RTTL)
- Explicit-Clock Temporal Logic (ECTL)
~ Metric Interval Temporal Logic (MITL)
> Branching time
- Real-Time Computation Tree Logic (RTCTL)
- Timed Computation Tree Logic (TCTL)

Alur et al,
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— Solution

e

> Bounded Model Checking

o Constrained Systems
— Linear Systems
- O-minimal
- SACoRe (Semi a |ge braic Constrained Reset)
- IDA (Independent Dynamics Automata)

e

' : " al., Piazza et al., Casagrande et al.
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@. Example: Biological Pattern Formation

o Embryonic Skin Of
The South African
Claw-Toed Frog

o “Salt-and-Pepper”
pattern formed due
to lateral inhibition
in the Xe hopus
epiderma| |a*,rer where
3 requ lar set of
ciliated cells form
within 3 matrix of
smooth epiderma|
cells

Figure 3: Xenopus embryo labeled by a marker for
ciliated cell precursors seen as black dots."
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:q_ Delta-Notch Signalling

Hexagonal close-packed lattice

Physically adjacent cells laterally inhibit each
other’s ciliation (Delta production)
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Delta-Notch Pathway

Made by A-PDF PPT2PDF

¢ Delta binds and activates

o

its receptor Notch in
neighboring cells
(proteolytic release and
nuclear translocation of
the intracellular domain
of Notch)

Activated Notch
suppresses ligand (Delta)
production inthe cell

A cell producing more
ligands forces its
neighboring cells to
produce |ess




Pattern formation by hiteral inkibition with feedback: a mathematial model of
£_"I'r Delta-MNotch i rtercellalar sigmlling
| Collier o al.C1996)

L“_ .-'T_,'l | .'|||-r|| ]'
dr

= F(Dp/Dy) — uNp/Ny. 'l g 4 '
d(Dp/Dy) Delta active PH | Notch activated

dr

= {J:!_.'\l'll_r' ."I'PIHJ - I}I-}J". .Ir}II-

Rewriting...

iy :H“FP} — fip, f"-]u1l."hii|.|1-;.'l'.i1.l=:—‘ + Delta inactivation
dp=1rlg(n,)—dp!. G / % i

w-lere: Fis, 1. Dagrammate representation of the ettective I'-.'-.'LII'!:LcL
leop between Notch and Delta m seighbounng cells. Detals ol the
Motch signalling pathway are omitted for clarity, Key: e Deliag
_t "‘\||1~.'||.

i
aly

a+x | + b Collier et al.
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"o Hybrid Model: Delta-Notch States

(24
Both ON

*Proteins are produced at a constant rate R (when their production is turmed on)

onal (A) to concentration
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One-Cell Hybrid Automaton

(a) Transition diagram for a single cell
"~ serete modes.
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B One-Cell Hybrid Automaton

H.lll..l_,'ﬂ'.' = :Q. x. I Irnlr“'. ,I". fﬂ‘l.'.h ﬁ.hr
Q= qignduds
X=(x,x) € R
&
Z Hpy Zl'ravrr....
i=1
Init = @ {X € B i 5y, 20 20)
f[—dpxy; —dwxa]” g =q
;H” — AKXy, —.I'.Il,.-.'i':_? i.l g = q'_':

flg,x) = 4
[~ 4pxi; Ry — Ayxs iT g =gy

F g
5 R_r; .".||:|.'|.'| H H."l' .l"ﬁlﬂ.: if i iy

v = {qy, {—xz <hp, uy < hy U
'I':i"." {—11 > Ify.ﬂ',l.-"-':'rr.h']'.ll‘-"
{g1. {—x < hp,uy = by} JU

1940122 = hp, g 2 hy |}
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The Dynamics Of The 2-Cell System

e

T

”......'. o -

| | 1
1;;..||.. LR TN II- C - SRGL 1 e TLLER PEL ~ SEEERERTEET o Ce b
: : 4 ; ;
i LN i o
P s i i
; L

(a) Nonlinear model
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(b} Hybrid systems model

Fig. 7. Phase plane projections for two cell system showing equilibria. Labels d; and
da are the Delta protein concentrations in eell 1 and 2 respectively.

Tomlin et al.



5| 2.1 Continuous-5State Equi|ibrium

State qi0 (3,2) [-2ny > -1 A5d2 < 1A =2ng < =1 A Bdy >
1]3U[dy & di Vg # m Vdy £ da 'V na # na| converges after
2 jterations to [ny > 0Vdy > 0Vdr —1#0Vna -1 0]
. Hence for no such escape route to be possible, its negation
[F!-; < 0fdy <0NAd; =1 =0An2—-1= []] must be true. Since nj
and di cannot be negative they have to be 0, and d; = n; =1
just as expected from [39].

State g7 (2,3) [-2m < —1ASBdz > 1A =2ng > =1 A5d; <
1)3U[dy # dy v ni # ng Vdy # da 'V ng # na| converges after
2 iterations to [na > O0Vdy > 0Vda—120Vn —1 # 0]
. Hence for no such escape route to be possible, its negation
[z < 0Ady < 0Ad2—1 =041, —1 = 0] must be true, Since n3
and d; cannot be negative they have to be 0, and d3 = ny = 1.
again concurring with [39].

State qis (4,3) [-2ny > —1ABda > 1A —2n3 < —1Abdy >
1]3U[dy # di vV ny # m V day # da vV na # na] converges after
2 iterations to True, implving that in this state the variables
always change i.e. no equilibrium is possible.
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2 | 22 Discrete-State Equilibrium

State ¢ (2.3) ’—EH] » —1Abdo <1A-2n9 < =1 Abdy >
1] 3 [-2m = -1V 5dy =1V -2np = -1V 5d; = 1| converges
to False after 2 iterations implying that this is an irreversible
discrete-state equilibrium.

State qio (3.2) [—2?11 < =1ALGdy >1A-2n3 5> -1Abdy <
1| U [-2n1 = =1V 5hdp =1V -2np = -1V 5dy = 1] also
converges to False after 2 iterations implying that this is also an
irreversible discrete-state equilibrium.,

State qi¢ (4,4) [-2n1 > =1A5da > 1A =2n3 > =1/ bdy >
1] JU [-2ny = =1V5dy = 1V -2ny = -1V 5d} = 1] converges to
True after 1 iteration at the initial condition [-2n; > —1A5dy >
1A —=2ny > —1A5d; > 1] implving that the two-cell delta-notch
svstem will always leave this discrete state.
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5| 2.3 State Reachability

Reaching State ¢; (2,3) When we ask True 3 [-2n; > —1A
hdy < 1A —2ng < =1 A bdy > 1), we get:

Iteration 1: dy =1 > 0A2n; =1 <OABda =1 <0A2n2-12>0
Iteration 2: ng — 1 <0A [[2ny —5d; <0ABdy —1 < 0A8ny -
hdy -3 > 0Ang+n1—-1= U]W [8?11—5{1'1 -3 <0Nddp+di1-1=
0A2np—12>0A8ng+5d; —52> 0]V [5dy—120A2n —5d; <
0A5dy+2ny —2<0A2ng — 1> 0]V [y —1>0A 2y — 1<
0A5dy—1<0A8Ry —hdy—3>0]V[2n —1<0ABdy — 1<
0A8ng —b5dp—3 > 0A8ng+5d; -5 > ﬂ]"ﬁ[2ﬂ1—5d1 <
0ABdy—1<0A2mg—1>0A8ny+5d; -5 > 0]

— £_ [any)
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5| 2.3 State Reachability

Reaching State gy (3.2) When we ask True Jli [-2n, <
—1ABdy > 1A —2np > —1 A bdy < 1], we get:

Iteration 1: 5d1 —1 <0A2n1 —1>20A56ds —12>20A2n:—1<0
Iteration 2: na—1 < 0A [[?ul —1>0AbBda4+8m —5>20Ada+
4ddy — 1 =0A2na2 4 5dy1 — 2 < D]‘u’ [?'ﬂ,l —1<0A8n; —56d; -3 >
O0ALBds +8n1 —5 =2 0Ana+n —1 = 1'-]] W [3??1 —bdy — 3
DOAbSds +8ny —5 < 0AbBds +2n1 —2 > 0Ans +np — 1
0] v [21’:1 —1>0A5ds—-1>20A2n3+5d1—2<0Ang+ny1—1
V[Hdi —1<0A2n1 —12>0A5d2+8n1 —5 = 0A 2na —5d3
VI[Bdi —1<0A2n1 —120AbBd24+8n1 —52>20A2ny — 1
0] U[Enl —bd1—3 > 0ABda—1 > 0A2na+5d1 -2 < 0A2n2-1 <0
= fio0 (say).

IAIA AN IV

0]
0]

[ — ]
Y

Made by A-PDF PPT2PDF



5| Impossibility Of Reaching Wrong Equilibrium:

f-,— fat '_f]u =ny —1 < 0A [[211] — Bdy < 0AGdy — 1
0 A 8ng — hds — 3 > 0AnNg+4+n —1= ﬂ] ILw."'[?’.l".',[ — 1
0ABdg —1 < 0ABng —bda —3 > 0A 2ng + 5dy — 2
O] V[2n —1 < 0ABdz+2n1 —2 < 0Addy +dy — 1
0Ang+ni—1 > 0]V[2n; —b5dy < 0OABdz—1 < DAng+n;—1 >
0A2na—1>0]V[2n; —1 < 0A5dz—1 < 0A8ng —b5dy —3 >
0A8ng+h5dy — 5 = ﬂ] W [Sﬂ]_ —6d) -3 <0Adda+dy—1 =
0A2nz—1 = 0A8BnRa+5d; -5 = 0]V[bd1—1 = 0A2n; —5d; <
0ABds+2n —2<0DA2ny—1> EI'] W [Edl —1=20A2n; —1 <
D.-""»El!lig —1<0A 31‘12 —5112—3 - D] W [?J"l!l —1 < ﬂf-.Edg —1 <
0A8ng —5d; —3>0A8ng +5d; —5 > 0]

Since we have assumed no upper bound on the initial values
and since we have been able to compute only two iterations,
this formula does not evaluate to True given m; < naz A
dy = ds. However, when (lepead simplifies the above formula

assuming that ny > no A dy < dz, it immediately evaluates
to False,
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Impossibility Of Reaching Wrong Equilibrium

Similarly, =f; A fio simplifies to

na—1 < 0A[[5d1 -1 < 0A8ny —5dy—3 > 0ASda+8ng -5 >
0A2ns-1 < ﬂ]\f[ﬂm —~5di1—3 > 0Abd2—1 > OAng4n1 -1 =
0A2n9-5ds = {]] v [Bnl —5d1 -3 > 0A5d3 -1 > 0A2n3-1 <
0A2n2+5d1 -2 < 0]V [2n1 -1 > 0ABda +8n1 -5 > 0/ da +
4d; -1 =0A2ny+5d; -2 < 0]V[2n; —1 > 0A5dy +8ny -5 >
0Ady+4d; -1 = 0Ang+ny -1 < 0]V[2n; -1 > 0ABdy -1 2

DAna+n1—1<0A2n245d1 —2 < D]‘u’ [Hni —5d; —3 >
0A2n1 -1 < OABdo4+2n1 -2 > 0Ang+n -1 = l]]"w"[ﬁdl -1 <
0A2n1—1 2 0ABd2—1 > 0A2n2—5da < 0]V[8ny—5dy —3 >
0ABdy —120A2n; —1<0A2ny 4 5d; — 2 < 0]],

which evalunates to False assuming ny < ng A dy > dy. This
concurs with the result of Ghosh et al. [38]. We have thus
“verified” that the wrong equilibrium cannot be reached
from a given initial relation between n; and ns, and d; and
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To be continued...
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